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Let S be an inverse semigroup with semilattice of idempotents E, and let 
p(S), or p if there is no danger of ambiguity, be the minimum group congruence 
on S. Then S is said to be proper if Ep = E, or alternatively, if the equation 
ex = e for some e E E and x E S implies that x E E. For example, free inverse 
semigroups and fundamental w-inverse semigroups are proper. 
In a recent paper, McAlister has given a remarkable structure theorem for an 
arbitrary proper inverse semigroup, and using this theorem we show (Theo- 
rem 1.3) that any proper inverse semigroup P can be embedded in a semidirect 
product P of a semilattice and a group. Some consequences of this result are 
given; for example, if P is bisimple with identity then P is simple (see 
Theorem 1.6). 
Reilly has proved that an arbitrary inverse semigroup can be embedded in a 
bisimple inverse semigroup with identity. Given a proper inverse semigroup P 
it is shown that a proper inverse semigroup P’, arising from P by blowing up 
P/p, can indeed be embedded in a bisimple proper inverse semigroup with 
identity (Theorem 2.4). We also investigate those homomorphic images of 
bisimple proper inverse semigroups which are themselves proper. 
In the final section, Rees quotient images of proper inverse semigroups are 
characterised (Theorem 3.4), and some other constructions for (simple) 
semidirect products of semilattices and groups are considered. 
1. THE MAIN EMBEDDING THEOREM 
We shall use the notation and terminology of [l], and shall assume the 
basic theory of inverse semigroups given in [l]; “C” means “properly 
contained in.” 
The following theory is taken from [6]. 
Let % be a partially ordered set, and let a, b E S’S %. The notation 
a A b E qY means that a and b have greatest lower bound a A b in %, and that 
this lower bound belongs to ?Y. A nonempty subset g of % is a subsemilattice 
ofIiffora,bEg,a A b~~;?Yisanorder-idealof5Fifb~~andb~aa~ 
implies 6 E W. 
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Let 3 be a partially ordered set and let ?Y be a subsemilattice and order- 
ideal of X. Suppose that G is a group with identity 1, which acts on 9 by 
order-automorphisms on the left, where X = G@Y and ?Y n g?Y # 0 for 
all g E G. 
Let 
P= P(G,kT,9) ={(a,g)IgEG,aEYngg}, 
where multiplication in P is defined by 
(4 g)(b, 4 = (a A 84 gh). 
Slightly reformulating the main theorem of [6] we have: 
THEOREM 1.1 [6]. P(G, %‘, 3’) ’ p p zs a ro er inverse semigroup, and conversely 
any proper inverse semigroup is of this type. 
Note. Only P(G, S, Y) of this type are considered in this paper. Other 
formulations have been considered in [3, 41. 
The semilattice of idempotents of P is ((a, 1) 1 a E g} and is isomorphic 
to YJ; the element (a, g) E P has inverse (g-la, g-l) and (a, g)p = ((b, g) E P}. 
Thus G is isomorphic to P/p. 
Whenever X = 9Y (so that 9? is a semilattice), P is called the semidirect 
product of X and G (see [7]). In this case P = {(a, g) 1 a E 3, g E G}. 
Given a proper inverse semigroup P = P(G, 3, SV), let 9? be the set of 
nonempty order-ideals A of 3 such that A C hg for some h E G, partially 
ordered by inclusion. If g E G and A E$, let gA = {gu 1 a E A}. It is clear 
that G acts on $ by order-automorphisms on the left, the action being 
A ++ gA. For a E X, let 2 = {b E % / b < a} be the order-ideal of E generated 
by a. If g E G, we use without mention the obvious fact that g9Y is a sub- 
semilattice and order-ideal of 3. 
LEMMA 1.2. S? is a semilattice under intersection, and the map j: a w a 
embeds 3 order-isomorphically in g. Moreover, S? is a conditional ~-completion 
for Sj, and the action of G on X is preserved under the embedding. 
Proof. Let A, B ET and let a E A, b E B. Suppose that A CgY, B C hCY, 
g and h being elements of G. There exist c E 9Y n g%Y, d E SY n hSY. Hence 
ahcEgng% and bhdECYnh?V, so that e=aAcAbAdESJn 
g~nh~.Sincee<aande<b,eEAnB.ThusAnB#u,andit 
follows that A n B EZ. 
Let a E X = G9Y. Then a E gY for some g E G, so that a C g9Y. Clearly 
SE?.?;, and j is an order-isomorphic embedding. Further if h E G, then 
h-a=&. 
Let A@ = {A, ) i E I} be a subset of g with an upper bound A E 9, where 
A c go@ with g E G, say. Then u Ai C A C g%Y, and it is clear that u Ai E $ 
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and that it is the supremum in 9? for &. Moreover, if B ES?‘, then B = 
V(61bEB)isth p e su remum of a set of elements in Xj. 
Let P be the semidirect product P(G, S?,S?). Let E = {(a, 1) 1 a E g] be 
the semilattice of idempotents of P. Define M(P) by 
M(P)={~CW_CX~(P)IXEP,EW= W}, 
under set multiplication. Then M(P) is an F-inverse semigroup, in which P 
is isomorphically embedded under the map t: x +-+ Ex [Ill. (By an F-inverse 
semigroup is meant an inverse semigroup each of whose p-classes has a 
maximum element under the natural partial order.) M(P) was used in [ll] 
to give an alternative, if somewhat theoretical, structure theorem for proper 
inverse semigroups. 
Now our main embedding theorem follows. 
THEOREM 1.3. The map k: P -+ P defined by 
(a,# = @,,I, 
is an injective homomorphism. Moreover, M(P) is isomorphic to {(A, g) E P 1 A C 
+Y n g?Y) under a bijection (Y such that tar = k. 
Proof. Clearly k is injective. If  (a, g) and (b, h) E P, then a A gb = 3 n g * b, 
and it follows that k is a homomorphism. 
Now (a, g)p = {(c, g) 1 c E SY n @}. Moreover, 
(d, g) E E(c, g> ifi(d, g) = (4 l)(c, g) for some t E ?V, 
iffd=tAc for some t E g, 
iffd < c. 
Hence WE M(P) iff, for some g E G, W = ((a, g) E P 1 a E A} where A is 
an order-ideal of I contained in g n g?V. Moreover if 2 = {(b, h) E P 1 b E B} E 
M(P), h being an element of G and B being an order-ideal contained in 
+Y n hfY/, then the set product WZ is given by 
WZ=((a~gb,gh)Ia~A,b~B}, 
={(c,gh) I c~AngB). 
Thus the map CY: W + (A, g) from M(P) into P is a homomorphism, and it 
is clearly injective. Further 
(a, &a = Mb, g> I b < 4b> by what has already been proven, 
= @,g), 
= (a, g)k. 
The result follows. 
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The embedding k: P + p is not functorial, whereas the embedding 
t: P --f M(P) is [ll]. 
Note that M(P) = p i f f  P is a semidirect product of a group and a semi- 
lattice. 
Recall the following result. 
PROPOSITION 1.4 [4]. &z P(G, 97, CY) 
(i) (a, g) 9(b, h) ifl a = b; 
(ii) (a, g) Y(b, h) @g-la = h-lb; 
(iii) (a, 1) 9(b, 1) @b = ha for some h E G; 
(iv) (a, 1) <R (b, 1) ifl there exists g E G such that a < gb; 
(v) (a, 1) < (b, 1) ifl a < b. 
The next result follows almost at once. 
PROPOSITION 1.5. (i) Let (a, l), (b, 1) E P. Then (a, 1) 9(b, 1) in 
P ifl(Z, 1)9(6, 1) in P. 
(ii) Let (A, 1) E P. Then (A, 1) </ (CY, l), and (~7, 1) +- (A, 1) fey 
each UE A. 
COROLLARY. p is simple $7 for each a E SY there exists g E G such that 
Y cgii. 
Proof. By Proposition 1.5 (ii), p is simple i f f  (CY, 1) <y (6, 1) for each b 
contained in some h?Y, h E G. Given such a b, there exists a E CY such that 
b = ha, or equivalently, 6 = ha By Proposition 1.4 (iii), (6, 1) ~%(a, 1) and 
the result follows from Proposition 1.4(iv). 
We now apply the previous results to two specific cases where P has some 
interesting additional structure. 
Case 1. Let G be a group with identity 1, Q a subsemigroup containing 1, 
and L a subset of G containing Q, determining the bisimple proper inverse 
semigroup P = P(G, 27, SY) as in [Ill (see [4], also), where 
z- = (kQ I g E Gh Q g = kQ IgEL), 
and G acts on 3 by multiplication on the left. 
We note that P has an identity i f f  Q = L. 
THEOREM 1.6. p is simple a# there exists g E G such that L CgQ. 
Proof. In X’, gQ C hQ iff  g E hQ, since Q is a subsemigroup containing 1. 
Hence, given a EL and h E G, @ 2 h . ZQ = %Q iffL C ha&. The result 
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now follows almost immediately from the corollary to Proposition 1.5, on 
putting g = ha. 
COROLLARY. Let P be a bisimple proper inverse semigroup which either has 
an identity, or is an l-bisimple inverse semigroup determined by the RP-system 
(R, P) where R is bounded below (see [14]). Then P can be embedded in a simple 
semidirect product of the group P/p and a semilattice. 
Case 2. The following theory is taken from [5]. Let d be a positive 
integer, let dZ denote the additive group of integral multiples of d, and 
let Z denote the integers under the. usual ordering. Then dH acts on Z by 
order-automorphisms as follows. 
If  m and n are integers, md . n = md + n. 
There is, up to isomorphism, a unique fundamental w-simple inverse 
semigroup S with d%classes [9], and S m P(dZ, Z, Z-), where Z- is the set 
of nonpositive integers. 
In this case we have: 
THEOREM 1.7. P = P(dZ, Z, Z), and P is fundamental and simple with 
d 5%classes. 
Proof. Following the notation of Lemma 1.2, % = Z and 9 = %j w 3. 
By the corollary to Proposition 1.5, and by Proposition 1.4 (iii), P is simple 
with d .%classes. Using [6, Proposition 3.13 one easily checks that P is funda- 
mental. 
Note that in Theorem 1.7, P is the unique fundamental simple inverse 
semigroup with semilattice of idempotents isomorphic to Z and with d 5% 
classes [19]. 
Again using the theory of [5], we can prove similarly that if P = P(G, %, 3’) 
is a fundamental w-inverse semigroup, then P m P if P is a semilattice, and 
that in the alternative nontrivial case $ = %j w 3; G = dZ for some 
positive integer d; and ii is fundamental with a chain of n$-classes each 
having dg-classes (where n - 1 is the number of idempotents in P not in 
the kernel of P). 
I f  G is a group acting by order-automorphisms on a semilattice % (on the 
left), then G acts by order automorphisms on 9’ (on the left), by defining 
(if necessary) 
g-1 =I for all g E G, 
noting that 1 is the maximum element of the semilattice p. Thus we have: 
PROPOSITION 1.8. Let P = P(G, X, E). Then P has an identity element 
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if f  ?Z has a maximum element. P can be embedded in P’ = P(G, S1,?Z1) which 
has an identity element. 
COROLLARY. Any proper inverse semigroup can be embedded in a semidirect 
product with identity of a semilattice and a group. 
2. BISIMPLE PROPER INVERSE SEMIGROUPS 
The following result has been proved by Reilly. 
THEOREM 2.1 [12]. Let S be an arbitrary inverse semigroup. Then S can 
be embedded in a bisimple inverse semigroup T with identity. 
When S is proper, the semigroup T constructed by Reilly need not be 
proper. Following the notation of [12], let S be the countably infinite chain 
{e, > e, > ... > z} with minimum element z, let B be a countably infinite 
set, and let A = S u B, A, = A\{%}. Suppose y  E 9A is a map with domain 
A and range A, such that y  ] B u {z} is the identity map on B u (z}; such a y  
exists. In forming T we may choose y  E T, since n-l = 7p0 and y-ly = re . 
However, ~7~ = 7z , and hence T is not proper since y  is not an idempotem. 
Recall the following result. 
THEOREM 2.2 [4]. Every inverse semigroup is an idempotent-separating 
homomorphic image of a proper inverse semigroup. 
We assume that S is the semidirect product of a semilattice with identity 
and a group, and that S C T where T is a bisimple inverse semigroup with 
identity (see Proposition 1.8 and its corollary, and Theorem 2.1). By 
Theorem 2.2, there exist a proper inverse semigroup B and a surjective 
idempotent-separating homomorphism 01: B - T. 
LEMMA 2.3. Let x, y  E B. Then x9y in B if f  x&y~l in T. 
Proof. It suffices to note that xx-l = yy-l i f f  (XX-‘)CX = (~-‘)a, since 01 
is idempotent-separating. 
To avoid ambiguity the Green’s relation 2 on B will be denoted by Z(B). 
THEOREM 2.4. (i) B is a bisimple proper inverse semigroup with identity. 
(ii) There exists in B an inverse subsemigroup U, where U is a semidirect 
product of a semilattice with identity and a group, such that Uol = S. Further- 
more, B can be chosen so that its identity element is the identity element of U. 
48d42/1-3 
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Proof. (i) Let e, f be two idempotents in B. There exists a E B such that 
ea: = (aa-l)a and fa = (a-*a)ol, since T is bisimple. Hence e = aa- and 
f  = a-la, since 01 is idempotent-separating, so that B is bisimple. 
Now suppose that eoi is the identity of T. Then (fe)a = fis ea: = fa, so 
that fe = f  as before. Hence ae = aa-‘ae = aa-la = a, since a-la := f. 
Thus e is a right identity for B. A similar proof shows that it is also a left 
identity. 
(ii) Let V be the inverse subsemigroup S-r of B, and let E be the 
semilattice of idempotents of V. Since S has an identity, the argument used 
in (i) shows that I’ has an identity, 1 say. Since 1Bl is a bisimple inverse 
semigroup with identity 1 [13] which is proper and contains V, we may 
suppose that 1 is the identity of B. 
Let K = C’n R, , where R, is the d-class of 1 in B; then K is a sub- 
semigroup of V containing 1. We claim that K is a group. 
Let k E K. Since KCX is the group of units, G say, of S, by Lemma 2.3, 
there exists h E K such that (kh)ol = loo, again using Lemma 2.3. Since 01 
is idempotent-separating cy 0 01 -l C Z(B) [I, Sect. 7.61. Hence if N = 
(X E K / x01 = la}, then N is a subgroup of HI , the s(B)-class of 1. Thus 
Kh EN, so that khn = 1 for some n E N. Since hn E K, this proves that k 
has a right inverse in K. Hence K is a group. 
By the well-known property of E in V, EK = KE = U, say. It is easily 
seen that U is an inverse subsemigroup of V with group of units K and 
semilattice of idempotents E; moreover, UO~ = S. The map ,!I: eg --f (e, g) 
is a well-defined isomorphism from U onto the semidirect product P(K, E, E) 
with identity, where K acts on E as follows. g . e = geg-l. 
Remarks on Theorem 2.4. (1) Note that 01 maps K onto G with kernel N. 
(2) 01 / E is an isomorphism onto the semilattice of idempotents of S. 
If  we identify E and Eel, then S it: P(G, E, E) where the action of G on E 
is defined by kol . e = k . e for all k E K and e E E. 
(3) It follows from the preceding remarks that if K is the semidirect 
product of N by G [2], then U contains a copy of S, so that S is embedded 
in B and the identity of B is the identity of S. 
(4) Suppose the subset X of T generates T as an inverse semigroup, 
and let F be the free inverse semigroup and H the free group on the set X. 
Then there is a surjective homomorphism y: F - T. Following the notation 
and theory of [16], set out after Proposition 2.5 below, let 0 be the minimum 
congruence in the o-class containing y  0 y-l; by [16, Theorem 4.21, 0 C p. 
Since F is proper [3, lo], so also is F/a, and there is induced a unique surjective 
idempotent-separating homomorphism a: F/U - T such that u% -= y. 
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Hence we may take B = F/a, so that B is generated by a subset k’ where 
1 I’ ) = / X 1 and B/p = H. Suppose we so choose B. 
I f  S is finite, X can be taken to be countably infinite, while if S is infinite, 
X can be taken to have the same cardinality as S [12]. Thus, using Scheiblich’s 
structure theorem for F [18] to evaluate / F /, an analogous statement holds 
for F, and so B, in place of X. 
Suppose we begin with a proper inverse semigroup P, embed it in S = P’ 
(in the notation of Theorem 1.3 and Proposition 1.8) and so in T, and then 
form U in B. I f  P is finite, so is S; by [12] and the preceding remarks, T and B 
are countably infinite. On the other hand, if P is infinite then I S / = ; T ; = 
1 B ) :- 2 p . For example, if P is the set of rationals under the usual ordering, 
then P’ is the set of reals with a point at infinity under the usual ordering; 
hence the equality i P’ / = 2ip’ can arise. 
Finally, since p” 1 R is injective for any &-class R of B [ 171, it follows that 
iV and K are isomorphic to subgroups of H, and so are free groups [2]. 
We now wish to investigate those homomorphic images of a bisimple 
proper inverse semigroup which are also proper. First, recall the basic theory 
of bisimple inverse semigroups [ 131. 
Let S be a bisimple inverse semigroup and let e = e2 E 5’. Let R = R, , 
P =: P, = R, n eSe. Then R is a right cancellative, right partial semigroup, 
containing a left identity in P C R. For a, b E R, ab is defined in R i f f  a E P, 
and there exists c t R such that Pa n Pb =: PC. In particular, P is a right 
reversible semigroup with identity e. 
Define an equivalence relation 9” on R by 
2’ = {(a, b) E R x R / Pa = Pbj 
-= ((a, b) E R x R / a = ub for some unit u of P]. 
Select and keep fixed a representative from each &Y-class, e being the 
representative from its class. If, for elements a, b of R, Pa n Pb = PC, then 
let a v  b denote the representative from the 5”-class containing c. Define 
the operation * on R by the rule that (a * b)b = a v  b for all a, b E R; then 
a * b E P and is uniquely determined. 
Let R-l 0 R denote R x R under the multiplication 
(a, b)(c, 4 = ((c * b)a, (b 4 c)d), 
where we identify the pairs (a, b) and (a’, b’) i f f  a = ua’, b = ub’ for some 
unit u of P. Then S is isomorphic to R-l 0 R under the map (a, b) ---f a-lb. 
(R, P) is called an RP-system, and conversely, starting with an appropriately 
defined RP-system, one arrives at a bisimple inverse semigroup R-l 0 R. 
I f  S is proper, p$ 1 R embeds R in G = S/p, P is cancellative and G is the 
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group of left quotients of P. A particularly important case is when G is an 
Z-group with positive cone P; S is then called an I-bisimple inverse semigroup 
[14]. I f  S is proper, its structure is given very simply as follows. 
PROPOSITION 2.5 [4, 111. Let G be agroup with identity 1, Pa subsemigroup 
containing 1 and R a subset of G such that P _C R and PR C R. Suppose further 
that G = P-IP, and that for each a, b E R there exists c E R such that 
Pa n Pb = PC. Let S = {(Pa, g) 1 a E R, g E G, ag E R) under the multiplica- 
tion 
(Pa, g)(Pb, h) = (Pa n Pbgpl, gh). 
Then S is a bisimple proper inverse semigroup such that S/p = G. 
Conversely, any bisimple proper inverse semigroup is of this form. 
In fact (R, P) forms an RP-system, and S = R-l 0 R. 
The bisimple proper inverse semigroup Sin Proposition 2.5 will be denoted 
by [G; R, P] when necessary. Following [16], we call two congruences on S 
e-equivalent, or say that they belong to the same e-class, if they induce the 
same partition of the set of idempotents of S. Let 7 be a congruence on S. 
The &class containing 7 has a minimum member CJ, say, where o C p [16]. 
Hence S/u is proper and, of course, bisimple. We wish to describe S/u along 
the lines of Proposition 2.5. 
Reilly [14] shows that o = go for a uniquely specified “subcone” Q of P, 
where Q satisfies five defining properties Q(l),..., Q(5). We follow the 
terminology and theory of [14]. 
LEMMA 2.6. Let Q be a subcone of P. Then Q is a cancellative, right 
reversible subsemigroup of P with group of left quotients H, say. H is a subgroup 
ofG,andHnP=Q. 
Proof. Let a, b E Q. Then Pa n Pb = PC, where c = a v  b EQ by 
property Q(3). Hence xa = yb = c for some x, y  E P. By property Q(4), 
x, y  E Q. Hence Qa n Qb f  0, so that Q is right reversible. Let H be the 
subgroup of G generated by Q. By [I, Sect. 1.10, Question 31 H is a group of 
left quotients of Q, and clearly Q C H n P. Conversely let q;lq2 = p E P, 
where q1 , q2 EQ. Then q1 p = q2 EQ, so that by property Q(4), p EQ. 
Hence HnP=Q. 
Recall that P is right reversible and that G is its group of left quotients. 
Now suppose that 
aP = Pa for all a E P, 
as is the case when G is an l-group with positive cone P. Then Pa-’ = a-lP 
for all a E P, so that gP = Pg for all g E G. 
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Define a quasi-order on G by 
b<a if f  aEPb; 
then < is compatible with the multiplication in G. 
LEMMA 2.7. Let g, h E G. Theng = a-lb and h = a-k for some a, b, c E P. 
Proof. Certainly g = Y-Q and h = t-lv, where Y, s, t, v  E P. Since P is 
right reversible, there exist x, y  E P such that XT = yt = a, say, where 
a E P. Let b = xs and c = yv. Then b, c E P and g = a-lb, h = a-k. 
Let g, h E G with g = a-lb, h = a-k where n, b, c E P as in Lemma 2.7. 
Then to within a unit of P, a-l(b v  c) is the least upper bound (with respect 
to f) of g and h. Write g v  h = a-l(b v  c), and let U denote the group of 
units of P. Using Lemma 2.6, it follows exactly as on [14, pp. 116-1171 that 
there is a l-l correspondence between subcones Q and subgroups H of G 
which are convex with respect to %< (and so contain U) and which are closed 
under v. 
In this case, it is easily seen that the group of units U of P is a normal 
subgroup of G, and that G/U is an Z-group with respect to the induced 
partial order (see [14, Lemma 4.11). 
THEOREM 2.8. Let Q be a subcone of P, and let oo be the minimum congruence 
in the corresponding &lass. Then S/o0 m [G; Q-IR, Q-lP]. 
Proof. Using the notation and theory of [14, p. 1101, define /3: R’ + G 
by P([q, al) = q-la. 
Let [q, a], [r, b] E R’ and suppose that 4-k = r-lb. Since Q is right 
reversible, by Lemma 2.6, there exist s, t EQ such that sq = tr. Hence 
(sq)-%a = (tr)pltb, so that sa = tb. The argument can be reversed, and it 
follows that /3 0 p-l = ao’. (Th e a e lg b ra is essentially that of [14, p. 1181.) 
Hence there is induced a bijection pi from Ro onto R’/3 = Q-lR. The argu- 
ment at the bottom of [14, p. 1181 h s ows that 01 is an isomorphism from the 
RP-system (R, , PO) onto the RP-system (R’/3, P’p). It is immediate that 
P’/3 = Q-lP, and the result follows, since G is the group of left quotients of 
QplP; or else, one notes that G is the maximal group homomorphic image 
of S/u0 since, as we have already seen prior to Lemma 2.6, uo C p. 
It is not a priori obvious that Q-lP is indeed a subsemigroup of G. Consider 
p E P and q E Q. There exist x, y  E P such that p v  q = xp = yq. Since R 
is right cancellative and p v  q = (q * p)p, it follows that x = q *p. By 
property Q(5) therefore, x E Q and pq-l = x-4. Clearly then, Q-lP is indeed 
a subsemigroup of G. 
Now T/~J~ is an idempotent-separating congruence on the bisimple proper 
inverse semigroup, and S/T is isomorphic to S/u&/u0 . By [ 15, Theorem 2.41 
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T/U~ is determined by a unique left normal divisor V of Q-lP. It follows as 
in Lemma 2.3 that (b, c) E Q-IR if f  @~/a,) &(~/a,). Hence by [14, Lemma 
5.21 S/r is proper i f f  ~/uo is left cancellative on the right partial semigroup 
Q-1R. 
LEMMA 2.9. The unit subgroup of Q-lP is Q-IQ, the group of kft quotients 
of 9. 
Proof. Certainly Q-IQ is a subgroup of the group of units of Q-‘P. On 
the other hand, suppose that 
a-‘bc-‘d = 1, where a, c E Q and 6, d E P. 
By the remark following Theorem 2.8, bc-l = q-lp for some q E Q, p E P. 
Thus a-‘q-lpd = 1, so that pd = qa E Q. By property Q(4) p EQ, so that 
b = q-‘pc E Q-‘Q. Hence a-lb E Q-‘Q and the result follows. 
The final result of this section describes when S/T is proper. 
THEOREM 2.10. (i) A subgroup V of Q-lQ is a left normal divisor of Q-‘P 
a3 V is a normal subgroup of Q-IQ such that p V C Vp for all p E P. 
(ii) Suppose V is the unique left normal divisor of Q-lP corresponding 
to r/so . Then S/T is proper ifJ given p E P; b, c E Q-IR; and v  E V such that 
pc = vpb, it follows that 
c = v,b fey some vu1 E V. (1) 
Proof. (i) This is easily seen. 
(ii) By [15, Theorem 2.41, given b, c E Q-‘R, (b, c) E r/so i f f  c = vb 
for some v  E V. Hence 7/u. is left cancellative on the right partial semigroup 
Q-‘R if f  given p EQ-IP; b, c EQ-IR; and v  E V such that pc = vpb, it 
follows that c = v,b for some vi E V. Since V is a left normal divisor of 
Q-‘P 2 Q, qV C Vq for all q E Q, so that Vq-’ C q-l V. 
It follows that T/U~ is left cancellative on Q-lR if f  (I) is satisfied. By the 
remarks preceding Lemma 2.9 the result is proved. 
3. OTHER CONSTRUCTIONS 
1. Let % be a quasi-ordered set on which the group G acts by 
order-automorphisms on the left. Let o# be a down-directed order-ideal of X 
such that 3 = GJY and UY n guy f  q for all g E G. 
Let 9 be the set of nonempty order-ideals A of X such that A CgCY for 
some g E G. The proof of Lemma 1.2 shows that (9, n) is a semilattice on 
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which G acts by order-automorphisms on the left, the action being A ++ hA = 
(ha 1 a EA}. 
Form P = P(G, 5?, 9). As in the corollary to Proposition 1 S, P is simple 
i f f  given a E g, then exists g E G such that OY C g7i. In this case %Y is bounded 
above, and if G is transitive on .“2^, p is simple i f f  ?Y is bounded above. 
EXAMPLE 1. Let S be a cancellative left reversible semigroup with 
identity, embedded in its group of right quotients G. More generally, suppose 
there exists a subset L of G containing S such that LS CL, and for each 
a, b EL, there exists c EL where cS C aS n bS. Let % = ({gS / g E G}, C) 
and ~9 = {US ( a EL}, and suppose that G acts on .“X by multiplication on 
the left. Then Y is a down-directed order-ideal of the partially ordered set 
.Z”‘, .“X = GIY, +Y n g?Y f  0 for all g E G, and G is transitive on X. Hence P 
is simple i f f  there exists g E G such that US c gS for all a EL; that is, i f f  L C gS 
for some g E G. 
In this connection, see [3, Sect. 6). 
EXAMPLE 2. Let G be a group with identity 1, let S be a subsemigroup 
of G containing I, and define the quasi-order < on G by 
a< b i f f  UE bS. (2) 
G acts on .‘X = (G, <) by multiplication on the left. Choose nJ to be a non- 
empty order-ideal of G such that (i) 02 is down-directed and (ii) g n gCY f 0 
for all g E G; then X = G#. For example we could take V = S if S were 
left reversible and G its group of right quotients. 
Then p is simple i f f  “9 _C gS for some g E G, since G is transitive on x’. 
2. Let Q be a quasi-ordered set on which the group G acts by 
order-automorphisms on the left. Let x E Q, and let W be the set of finitely 
generated order-ideals of Q which contain z. With G acting on g in an 
obvious manner, let X = GV. Then (S, U) is an semilattice on which G 
acts; let p = P(G, X, .%). Then P is simple i f f  any two elements of Q have a 
common lower bound of the form gz, where g E G. 
EXAMPLE 3. Let Q be the quasi-ordered set (G, f) of Example 2, G 
being a group. Then .X is the set 
9” = u {giS / {gi 1 I -5 i :; n) C G}, 
and Y = {A ES ( z E “1) (see [3]). 
p is simple i f f  gS n hS + 0 for all g, h E G; that is, i f f  S is left reversible 
and G is its group of right quotients. 
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3. Let S be an inverse semigroup, and suppose that G is a group 
with identity 1 acting on S by (multiplicative) automorphisms on the left. 
Let T be an inverse subsemigroup of S such that T n gT # 0 for all g E G. 
Let W = GT and suppose further that TW n WC T, WT n WC T. (The 
last two conditions can be weakened slightly by replacing W by gT, for each 
gEG.1 
Define T by T = ((a, g) / g E G, a E T n gT} under the multiplication 
(a, g)(b, 4 = (a . gb, gh). 
PROPOSITION 3.1. T is an inverse semigroup with semilattice of idempotents 
{(e, 1) j e = e2 E T}, (a, g) E T having inverse (g-la-‘, g-l). 
Proof. Let g,hEG, and consider aETngT, bETnhT; then 
gbEgTnghT.Hencea.gbEgT.gT=gT,sothata,gbgTWn WCT. 
Further g-la E T and h-lb E T n h-IT, so that 
h-lg-l(a . gb) = h-lg-la . h-lb E WT n (h-lT . h-lT) 
= WTnh-IT 
CWTnW 
C T. 
Hence a . gb EghT, and it follows that a . gb E T n ghT. 
Thus T is closed under the given multiplication. Further, u-l E T n gT 
so that g-la-l ~g-lT n T; and the rest of the result follows after some 
routine checking. 
Suppose further that each p-class of S contains exactly one p-class of T. 
Then the action of G on S induces an action of G on S/p, and so on T/p, by 
(multiplicative) automorphisms as follows. 
IfgEGandaET,g.up=(ga)p. 
T/p is then the resulting semidirect product of T/p by G [2]. 
All these conditions are met whenever, in the notation of Section 1, 
S = .C? and T = %Yj, since a multiplicative automorphism of a semilattice 
is an order-automorphism, and vice versa. 
In connection with the above construction, we note that if S is a free 
inverse semigroup, then its group of (multiplicative) automorphisms has 
been determined; and that, in this case, if T meets a p-class, X say, of S, 
then X contains exactly one p-class of T, since S is proper [lo]. 
4. Let P = P(G, .%, W) be a proper inverse semigroup. 
LEMMA 3.2. Let I be a right ideal of P, and let A = (a 1 (a, I) E I}. Then A 
is an order-ideal of CV and I = {(a, g) 1 g E G, a E A n g?Y}. 
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Conversely, given an order-ideal A’ of CY, the set I’ = {(a, g) / g E G, 
a E A’ n gY} is a right ideal of P and A’ = {a 1 (a, 1) E I’}. 
Proof. Let I be a right ideal of P, and let b E ?Y be such that b < a E A. 
Then (b, 1) = (a, l)(b, 1) ~1, so that b E A. Hence A is an order-ideal of Oy, 
since A C OY. If a E A n ,g?Y, then (a, g) E P and (a, 1) E I. Hence (a, g) = 
(a, l)(a, g) E I. On the other hand if (c, h) E I, then c E ZJ n hg, while 
(c, 1) =(c,h)(c,h)-~EI; thus cE?Ynh?VnA = AnhSY. 
The converse follows after some routine checking. 
Lemma 3.2 establishes a l-l correspondence between order-ideals of g 
and right ideals of P. 
LEMMA 3.3. Following Lemma 3.2, let I be a right ideal of P, and let A be 
the corresponding order-ideal of 5Y. Then I is an ideal i f f  
OJnhACA, for all h E G. 
Proof. Suppose I is an ideal, and let b E %’ n hA, for h E G. Then (b, h) E P 
and (h-lb, 1) E I, since h-lb E A. Hence (b, h) = (b, h)(h-lb, 1) E I, so that 
bEA.ThusSYnhACA. 
Conversely, suppose that ?Y n hA C A for all h E G, and suppose that 
(b,k)EP and (a,g)EI. Then bE+YnkSY, aEAng?V and (b,k)(a,g) = 
(b A ka, kg). Now b A ka E Oy n k+Y n kA n kg+7 = V n kA n kgSY, where 
?Y n kA n kgg C A n kgoY. Hence (b, k)(a, g) E I, so that I is an ideal. 
COROLLARY. Following Lemma 3.3, I is an ideal of P ifs A n gA = A n g+Y 
for all g E G. 
Proof. A n gA = A n g”Y i f f  hA n A = hA n CiY, where h = g-l. The 
result now follows easily from Lemma 3.3. 
The final result is then almost immediate from Lemmas 3.2 and 3.3. 
THEOREM 3.4. Let X be a partially ordered set and let ?V be a subsemilattice 
and order-ideal of X. Suppose that G is a group which acts on X by order- 
automorphisms on the left, where X = G9Y and % n gg # 0 for all g E G. 
Let A be an order-ideal of ?V such that 9Y n gA C A for all g E G. Let P’ be 
defined by P’ = {(a, g) 1 g E G, a E (g\A) n gg} u {0}, (where 0 is a separate 
symbol) under the multiplication 
(a, g)(b, h) = (a A gb, gh), if aAgb$A; 
= 0, otherwise. 
Then P’ is isomorphic to the Rees quotient P(G, X, ?/)/I, where I is the ideal 
corresponding to A. 
Conversely, any Rees quotient of a proper inverse semigroup is of this form. 
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